Abstract: A complete analysis of entangled triqubit pure states is carried out based on a new simple entanglement measure. An analysis of all possible extremally entangled pure triqubit states with up to eight terms is shown to reduce, with the help of local unitary transformations, to three distinct types. Entanglement analyses of the type presented are necessary for finding different entanglement measures in multipartite pure state systems.
where S i = −Tr[(ρ Ψ ) i log 2 (ρ Ψ ) i ] is the reduced Von Neumann entropy for the i-th particle only with the other N − 1 particles traced out, and (ρ Ψ ) i is the corresponding reduced density matrix. It can be verified that the state Ψ is partially separable when one of the reduced Von Neumann entropies S i is zero. In such cases the state Ψ is not a genuine entangled N -qubit state. Eq. (1) will be our unique benchmark for the degree of entanglement of N -qubit pure states. Using (1), we have successfully verified that there is only one type of extremal (maximal) entanglement for biqubit system, which is equivalent to the Bell type. [25] The basis vectors of a triqubit system are denoted by
where in order to study all possible forms of entangled triqubit states, entangled states are classified according to the number of terms involved in their expressions in terms of a linear combination of basis vectors given in (2). This means there will be up to eight terms in their expressions. Then, maximization constrained by the normalization condition for the entanglement measure (1) is performed to find the corresponding parameters and phase factors. In this way, all extremally entangled triqubit pure states can be obtained. It will be shown that values of the measure for different extremally entangled states are all different. Since definition (1) is invariant under local unitary (LU) transformations, which is equivalent to LOCC for pure state system, these extremally entangled forms are recognized to be the different ways of entanglement for triqubit system if they can not be transformed into other forms by LU transformations.
When a state Ψ is a linear combination of two terms W i and W j orW i andW j , where i, j ∈ P (i = j), and P = {1, 2, 3, 4}, Ψ is a separable state. It can easily be verified that E(Ψ) = 0 in such cases. Similarly, when Ψ is a linear combination of two terms W i andW j with i = j, Ψ is also a separable state. Ψ will be an entangled state only when it is a linear combination of W i andW i . In such cases, one may write Ψ = a W j + be iαW j , where a, b are real, and α is a relative phase. Then, to maximize its measure (1) with the constraint a 2 + b 2 = 1, one can find parameters for the corresponding extremal cases. It can be verified easily that E = E max = 1 when |a| = |b| = 1/ √ 2 in such cases, and there is no restriction on relative phase. Such exremally (maximally) entangled two-term states are nothing but the GHZ states.
When a state Ψ is a linear combination of three terms shown in (1), there are ( 
, where i, j, q ∈ P with i = j = q, the state is a genuine entangled state. Similar to the GHZ states, one can prove that extremal value of E(Ψ) is 0.918296 for such states when the absolute value of all the expansion coefficients equal to 1/ √ 3. The result is also independent of the relative phases. These entangled states are nothing but the W states.
When a state Ψ is a linear combination of four terms shown in (1), there are 70 forms in total, among which 6 of them are partially separable, while the remaining 64 of them are genuine entangled states. They are classified into 5 types shown in Table 1 , in which Yes (No) listed in the last column refers to the fact that there exists (does not exist) an extremal value of E(Ψ) for the corresponding state with all expansion coefficients nonzero. 
For the Type I 4 case, Ψ = aW i +be iα W i +ce iβ W j +de iγW j , where i = j, and a, b, c, d, α, β, γ are real with constraint a 2 +b 2 +c 2 +d 2 = 1. One can verify that E(Ψ) = 1 when |a| = |b|, |c| = |d|, θ = α−β−γ = (2n+1)π with integer n. Such states are equivalent to the GHZ type states after LU transformations. For Type II 4 case, Ψ = aW i + be
for arbitrary α, β, γ, the corresponding states are also equivalent to the GHZ type states. For Type III 4 case, Ψ = aW j + be iα W t + ce iβ W i + de iγW i , where i = j = t. We found that there is an extremal value for the measure with E(Ψ) = 0.893295 when |a| = |b| = 0.462175, |c| = 0.653614, |d| = 0.381546. There is also no restriction on relative phases. Hence, we found another type of extremally entangled states that are different from the GHZ and W types. In this case all coefficients, a, b, c, and d, must be non-zero. There is no extremal value of the measure for types IV 4 and V 4 with all expansion coefficients nonzero.
In the following, we prove that the Type III 4 entangled states is inequivalent to the GHZ and W types. To do so, we take
as a representative of Type III 4 entangled states since the proof for other cases is similar, where x i (i = 1, · · · , 4) are arbitrary nonzero complex numbers. Let Q A , Q B , and Q C be LU transformations for particles A, B, and C, respectively. First, we prove that (3) is inequivalent to a GHZ type state. Notice that Eq. (3) can be rewritten as
The first term in (4) is a product of a Bell type state and a single particle state, while the second term is a GHZ type state. After LU transformations Q A , Q B , and Q C , the first term will remain a product of a single particle state and a Bell type state, while the second term will always remain a GHZ type state. Therefore, (4) 
The first term in (5) belongs to a W type state, while the second term is a product of three singleparticle states. After arbitrary LU transformations Q A , Q B , and Q C , the first term will remain a W type state, while the second term will always a product of three single-particle states. Hence, the Type III 4 entangled state is also inequivalent to a W Type if x 4 is nonzero. Similarly, the Type III 4 entangled state will become a W type state only when x 4 tends to zero. Therefore, for nonzero x i (i = 1, · · · , 4), the Type III 4 is a new type of entanglement in triqubit pure system, which is inequivalent to the GHZ and W types.
When a state Ψ is a linear combination of five terms, there are ( For the Type II 5 and Type III 5 cases, we found that there is no extremal value of the measure exists with all expansion coefficients nonzero. Similar analysis for states with six, seven, and eight terms were also carried out. After tedious computations, we did not find any other new type of extremally entangled states. The results are consistent with the conclusion made in [10] and [22] that entangled triqubit pure states can always be expressed as a linear combination of five appropriate terms chosen from (2).
In summary, by using the entanglement measure (1), a complete analysis for entangled triqubit pure states has been carried out. Three types of extremally entangled triqubit pure states have been identified by using the constrained maximization. The extremal values of these three types of entanglement are 1, 0.918296, 0.893295, respectively, which show that the GHZ type states and the W type ones are all the special cases of the Type III 4 states. These three types of entangled states cannot be transformed from one type into another type by LU transformations, which, therefore, are recognized to be all inequivalent types of entanglement. The relations among these three types of entanglement are shown in Fig. 1 .
We also found that the entanglement measure defined by (1) is effective in classifying different genuinely entangled tripartite pure states. The most important conclusion is that the number of basic ways of entanglement equals to the number of extremally entangled types. Therefore, extremal entanglement is a necessary condition in finding different ways of entanglement in multipartite pure state systems. The analysis can be extended to other multipartite pure state systems in a straightforward manner.
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